We develop an extremely general and robust framework that can be adapted to wide classes of generic spherically symmetric thin-shell gravastars. The thin shell (transition layer) will be permitted to move freely in the bulk spacetimes, permitting a fully dynamic analysis. This will then allow us to perform a general stability analysis, where it is explicitly shown that stability of the gravastar is related to the properties of the matter residing in the thin-shell transition layer.
Introduction
Gravastars (gravitational-vacuum stars) are hypothetical alternatives to standard Schwarzschild black holes, [1] [2] [3] [4] [5] [6] wherein an interior nonsingular spacetime, such as the de Sitter spacetime, is matched to some standard exterior geometry resembling the Schwarzschild geometry. The transition layer is located at a radius slightly greater than the Schwarzschild radius. Thus, the gravastar model has no singularity at the origin and no event horizon.
In this work, we describe an extremely general and robust framework that can be adapted to wide classes of generic thin-shell gravastars. 7 Let us consider standard general relativity, with the transition layer confined to a thin shell. The interior and exterior spacetimes on either side of the transition layer are assumed to be spherically symmetric and static, but otherwise arbitrary. We introduce a novel approach, in the context of linearized stability analysis, wherein the transition layer may move freely in the bulk spacetimes. This allows one to perform a general stability analysis, where stability is related to the properties of the matter residing in the thin-shell transition layer.
General formalism
Consider two distinct generic spacetime manifolds, namely, an exterior M + , and an interior M − , that are eventually to be joined together across a surface layer Σ. Let the two bulk spacetimes have metrics given by g . Now specialize this to the case of two generic static spherically symmetric spacetimes given by the following line elements:
Here ± refers to the exterior and interior geometry, respectively. The interior and exterior manifolds are bounded by isometric hypersurfaces Σ + and Σ − , with induced metrics g
, with natural hypersurface coordinates ξ i = (τ, θ, φ). A single manifold M is obtained by gluing together M + and M − at their boundaries. 8 This implies that M = M + ∪ M − , with the natural identification of the boundaries Σ = Σ + = Σ − . The intrinsic metric on Σ is given by ds
. Now, to determine the surface stresses that reside on the thin shell, we use the Lanczos equations, 8 which follow from the Einstein equations applied to the hypersurface joining the bulk spacetimes, and are given by
Here S i j is the surface stress-energy tensor on Σ, while the discontinuity of the extrinsic curvature K ± ij is defined as
In particular, due to spherical symmetry, considerable simplifications occur, so that S i j may be written in terms of the surface energy density, σ, and the surface pressure, P, which are given by
respectively. The surface mass of the thin shell is given by m s (a) = 4πa 2 σ.
A fundamental relation is the conservation identity:
The latter follows from the first and second contracted Gauss-Codazzi equations, together with the Lanczos equations, 8 where the convention [X]
When interpreting this conservation identity, consider first the net discontinuity in the momentum flux which impinges on the shell, and which can be written as
Here we have defined the useful flux term Ξ given by
Thus, in the general case, taking into account the surface area of the thin shell, i.e., A = 4πa 2 , the conservation identity provides:
The first term is the the variation of the internal energy of the shell; the second term is the work done by the shell's internal force; and third term represents the work done by the external forces. Note that the conservation equation can also be written as 3. Linearised stability analysis
Equation of motion
To analyze the stability of the thin shell, it is useful to rearrange the surface energy density σ(a) into the form 1 2ȧ 2 + V (a) = 0, where the potential is given by
The quantitiesb(a) and ∆(a) are defined, for simplicity, as
Note that V (a) is a function of the surface mass m s (a). It is sometimes useful to reverse the logic flow and determine the surface mass as a function of the potential:
Note the logic: By specifying V (a), this tells us how much surface mass is needed on the transition layer, which is implicitly making demands on the equation of state of the matter residing on the transition layer.
Thus, after imposing the equation of motion for the shell, the relevant quantities as functions of V (a), are given by
respectively. These three quantities {σ(a), P(a), Ξ(a)} are inter-related by the conservation law, so at most two of them are independent. Consider a linearization around an assumed static solution, a 0 , and a Taylor expansion of V (a) around a 0 to second order. Expanding around a static solutioṅ a 0 =ä 0 = 0, we have V (a 0 ) = V ′ (a 0 ) = 0, so it is sufficient to consider
The assumed static solution at a 0 is stable if and only if V (a) has a local minimum at a 0 , which requires V ′′ (a 0 ) > 0. The primary criterion for the thin shell stability is the condition V ′′ (a 0 ) > 0, though it will be useful to rephrase it in terms of more basic quantities. For instance, it is useful to express m 
Master equations
The stability condition V ′′ (a 0 ) ≥ 0 can be translated into an explicit inequality on m ′′ s (a 0 ), given by:
the direction of the inequality is reversed. In the absence of external forces this inequality is the only stability constraint one requires. However, once one has external forces (Ξ = 0), a second stability condition is imposed:
provided
Note that this last equation is entirely vacuous in the absence of external forces, which is why it has not appeared in the literature until now. 
Specific gravastar model
In discussing specific gravastar models one now "merely" needs to apply the general formalism described above. Up to this stage we have kept the formalism as general as possible with a view to future applications. However, for pedagogical purposes, we now analyse the traditional gravastar picture. Namely, we consider a Schwarzschild exterior (with b + (r) = 2M and Φ + (r) = 0) and de Sitter interior (with b − (r) = r 3 /R 2 and Φ − (r) = 0). The transition layer is located at 2M < a < R. (i.e., outside the Schwarzschild event horizon, and inside de Sitter cosmological horizon). The external forces vanish (Ξ = 0), as Φ ± = 0. The inequality one derives for m ′′ s (a 0 ) is given by
Conclusions
We have developed an extremely general and robust framework leading to the linearized stability analysis of dynamical spherically symmetric thin-shells, and in this report have applied it to the gravastar model. Due to the definition of the normals on the junction interface, a few strategic sign flips arise when comparing thin-shell gravastars 7 and traversable wormhole 10 configurations. It is interesting to note that the surface energy density is always negative for the thin-shell traversable wormholes 10 . We have also shown that an analysis of the conservation law of the surface stresses implies the presence of a flux term, corresponding to the net discontinuity in the (bulk) momentum flux which impinges on the shell. In the context of the linearized stability analysis we introduced a novel approach, where we have considered the surface mass as a function of the potential, so that specifying the latter tells us how much surface mass we need to put on the transition layer. This procedure demonstrates in full generality that the stability of the thin shell is equivalent to choosing suitable properties for the material residing on the thin shell. We have also considered an applications to the traditional gravastar. Further afield, we expect that the mathematical formalism developed herein will also prove useful when considering spacetime "voids" (manifolds with boundary).
